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LIMITING DISTRIBUTIONS
FOR BRANCHING RANDOM FIELDS'
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JOSEPH FLEISCHMAN

ABSTRACT. In this paper we derive limiting distributions for branching
Brownian motion. The cases considered are where the state space is (1) the
line and (2) the plane where (a) initially there’s but one particle and (b)
where there’s initially a random number of independent particles. In all
cases, the branching process is critical and we obtain results for the growth
of selectively neutral mutant types. We use moment generating functions to
derive these results.

1. A. Introduction. In this paper we will discuss a problem whose solution
has significance both for its purely mathematical content as well as for its
application in population genetics. Thus we will first state the biological
problem and then we will formulate the mathematical approach.

One of the major problems of contemporary evolution is to explain the
greater than expected genetic diversity found in populations. The classical
theory attributes evolution to selective advantage, i.e., the cause of evolution
is the spread of mutant types which are selectively advantageous. A more
recent theory ascribes evolution to a large number of selectively neutral genes
which occur by mutation. Thus, although each new mutant type tends to die
out there are enough mutant types around to account for the relatively large
number of types present at any given time.

In nature, one generally observes a kind of clustering, i.e., individuals of
the same type generally appear close to one another. The classical theory
could explain this behavior as being due to geographically varying selection,
examples of which are known as clines. The neutralist theory, however,
accounts for this situation by the fact that individuals which are located near
each other, in general, are more likely to be related. Thus, it is important for
us to see if such clustering is actually predicted by a mathematical model
which describes the growth of selectively neutral mutant types.
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Suppose we have a large “normal” population in some domain D and a
mutation is introduced at a point a in D. One can then use a branching
process to approximate the growth of the mutant population (cf. Ewens [4,
Chapter 7] or Crow and Kimura [3, p. 419 + ]). A branching process is a
Markov process in which all offspring reproduce independently. Thus, in the
case of a “rare” mutant type branching processes are a good approximation.
This is due to the fact that the presence of a large background of “normal”
type individuals makes the likelihood of two mutant types mating sufficiently
small. In general, branching processes are useful since one can obtain
workable formulas for the various quantities of interest such as means,
variances, etc.

In order to obtain geographical information about the growth of
populations one can consider branching diffusion processes. In this model,
offspring are produced according to a branching process and then proceed to
move, branch, move, etc., independently of one another with time being
continuous. One can then attempt to find the distribution of the number of
offspring of an individual in a given region and then see if there are
indications of clustering. One can do this by comparing the rate of decay of a
mutant type in the population for a given region, to its rate of decay in the
whole state space. We shall consider two cases: the first where initially one
mutant individual is injected into the population and the second where a
random number of the mutant type, which is uniformly distributed in the
plane, is introduced.

B. Mathematical background. Mathematically, the result of this paper is that
we determine the limiting population distribution for a branching diffusion
process. If one classifies types according to position then this corresponds to
the problem of finding the limiting distribution for branching processes with
an infinite number of types. By considering time as being discrete (let t = nd)
we are, thus, discussing a generalization of the original Galton-Watson
problem. Hence this is a continuous time generalization of a multi-type
Galton-Watson process.

To formulate the problem mathematically and to outline some background
results, let p;, 0 < i < oo, correspond to the probability of a single particle
producing i offspring at a given branch and let f(s) be its probability
generating function, ie., f(s) = £,50p,s" If we denote by f™(s) the
offspring distribution function corresponding to m initial particles each of
which branched once, then one can write the branching property as f*(s) =
(f(s))™. The case of selectively neutral mutants corresponds to a critical
branching process, i.e., 1 = f'(1) = 2, onp,~the mean number of offspring.

For critical branching processes (cf. Athreya-Ney [1]) with one particle
type and a finite second moment the population tends to die out, specifically,
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P(z, > 0) ~2/Vif"(1) and, in fact, one obtains an exponential limit law, i.e.,

. 22(

Jm P ( ZRO)
However, E(z,|z, # 0) ~ ¢,¢(c; > 0) which shows that, although the popu-
lation tends to die out, given that some particle is still alive, there probably
are many particles around.

More generally, it was shown by Mullikan [12] that for an arbitrary number
of types, given a finite third moment one obtains a similar rate of decay and
again one obtains an exponential limit law. However, in order to derive his
results he assumes that the expectation operator M satisfies the following two
conditions:

A: There exists n, such that M ™ is strictly positive.

B: There exists n, such that M™ is a compact operator.

It was shown (cf. Savin and Chistyakov [15], Ogura [13]) that if condition A is
not satisfied one does not necessarily obtain an exponential limit law. As a
by-product of our results it will be seen that if condition B does not hold one
may actually get a different rate of decay.

Branching diffusion processes were first considered by Moyal [11] and
Skorokhod [14]. They are multi-type continuous time processes where the
movement of the particles in some domain is governed by some Markovian
transition density function and which then proceed to move, branch, etc.,
obeying the branching property and branching at times governed by an
additive functional. Equivalently, one can look at it as follows: Suppose at
time ¢ there are n particles around, then the n-tuple corresponding to the
position of the particles is the state of the process at time 7 where the state
space is now U2, D" = S where D" is n-fold product of the original state
space D. It was shown (Ikeda, Nagasawa, and Watanabe [8]) that if the
nonbranching part of the process is strong Markov then the branching
diffusion process will still be strong Markov. Thus the 2 basic properties of a
branching diffusion process are (1) the Markov property and (2) the
branching property which can now be written

[ n o0
£ T 16 = @) = T2 T
i=1 j=1 \i=1
(Tkeda, Nagasawa, and Watanabe [8, p. 255], also Sawyer [16, p. 24]) where T-',
is the expectation operator of the branching diffusion process and
(z®, z®, .. .)is the present state of the process.
In general, the Markov property implies that the expectation operator
T,f(x) = [p(t, x, dy) f(¥) (where the integration is over the state space) forms
a semigroup, i.e., T,,, = T, o T,. The semigroup can be constructed from its

> Az, #—'0) =e* A0
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infinitesimal generator Af(x) where

. Tf(x) - f(x)

Af(x) = lim t .

The construction is accomplished by means of the Hille-Yosida Theorem
which states that if R,f = [Pe~MT,f dt then under certain general conditions
R, f is the unique solution of \J — A)R,f = f, R, — A)f = f.

In the case of a branching diffusion process there are 2 equations relating
the expectation operator T,f(x) of the branching diffusion process to the
expectation operator T,f(x) of the unbranched process. These are the “S-
equation” (cf. Skorokhod [14]) a nonlinear equation on D, and the “M-
equation” (cf. Moyal [11])

Tf(x) = T,f (x) +f0' ‘/;P(x, e dy,r€d)T,_ f(»)

where 7 is the first branching time and x,y € S U {1} = §, the one point
compactification of S and where f is a bounded measurable function on S.
Thus the M-equation is an expression of the strong Markov property applied
to the first branching time.

One can also define a mapping f (x), fx=f (x) +f(x) + -+ + f(x,)
where x = (x, ..., x,). It turns out (Ikeda, Nagasawa, and Watanabe [8,
Theorem 4.12]) that C,f(x) = T,f(x) = E,[f(z,)] also forms a semigroup for
f € By(D) = {f| f is bounded, measurable and lim, ,¢C,f(x) = f(x), all x},
and if 0 < ¥ (a) < C and provided that 7, has a density one obtains (Tkeda,
Nagasawa, and Watanabe [8, Theorem 4.14], Sawyer [17, Theorem 2.1]) a
density m(t, a, b), i.e., C,f(a) = [m(t, a, b) f(]) db, satisfying dm(¢, a, b)/ ot
= M,m(t, a, b) where M, = A, + V(a)(K — I) where A4, is the infinitesimal
generator of 7, beginning at the point a, V' (a)dt the probability of a branch
in the interval (¢, ¢ + dr) and

H@=3 [ 3 f0im(e )

where 7,(a, dy) represents the probability that a single particle starting at a
died and was replaced by n particles located aty = (y,, . ..,y,). In the case
we shall consider, V' (a) = V aconstant,,(a, &) = P,Xa,..., o4 In this case
m(t, a, b) = e™p(t, a, b) where p(t, a, b) is the transition density function of
the unbranched Markov process and m = V(Zy.onp, — 1). Thus in the
critical case m = 0 and m(1, a, b) = p(t, a, b) which in the case of Brownian
motion = e~@~8"/2 /(271)?/2 (where d is the dimension of the space). We
will denote by r(4), 3 the length of the largest diameter of 4 and we set

r’i=V§p,,n(n-l), ﬁ,=V§n(n—1)---(n-r+l)p,,.

n=2 n=r
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We assume throughout, the growth rate 7, < ¢” (for some c, thus implying
Pn=0(c"/n))).

Thus, denoting by N,(¢) the random variable which corresponds to the
number of particles in the bounded set A at time ¢, we have E,(N,(?)) =
Cx4(b) = [,m(t, a, b) db where E,() = E( |x, = a). In order to obtain our
results we need a convenient representation for all the moments of N,(¢).
Thus we state the following lemma whose proof we defer to Appendix 1.

LemMa 1.1,

E[(Na ()] = [ m(t,a 5y b

k
r k! !
+ 2 2 57 ) ) m(t=sab)
r=2 re (hl’ »hr) hl! T h’! -/(;L

S by =k
=1
1< <k

’Eb[(NA (S))h'] T Eb[(NA (s))h'] db ds.

Our main results are the limiting distributions for N,(?) in case the
particles move about like Brownian motion which is an expected form of
movement for biological processes in an infinite homogeneous range (being
the limiting case of a random walk). In §2 we discuss the case of a single
initial particle where the state space D is the plane and our main result is
Theorem 2.11:

N

lim HR0A peay—eh Ao,

-0 4
where Ff(\) = P(8aN,(1)/m(A)ii Int > A), m(4) = Lebesgue measure of
the set 4, and 7 is as defined above.
In §3 we consider the case of a single particle with D = (— o0, c0) and
show (Theorem 3.11):

’lim tFf(\) = F(\) on {A: A > Oand F continuous at A}
—00

where Ff(A) = P(N, (8)/m(A)Vt > N) and F()) is a decreasing function on
(0, o0).

In §4 we discuss the case of an initial random field of particles with
uniform mean density and show (Theorem 4.1), for D the plane

lim 2 pey=e)  A>0,

>0 877

where
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. Ny (1) 87
EW-%%@%: ﬁ
For D the line we show (Theorem 4.2)
cVii

rlloo \/_
where Ff(\) = P(N,(1)V27 /m(4)iVt > ), F(\) some distribution and ¢
a constant.

In the more general case where movement is governed by a stable law, due
to the form of the stable densities our method will not work and thus this case
remains open. Watanabe [18] considered a similar type of problem in the case
of a supercritical process but where D is a bounded domain with an
absorbing boundary and thus obtained quite different results.

Our results for a single initial particle with D being the plane indicate a
type of clustering effect since for the whole plane earlier results show an
asymptotic rate of decay like 1/¢ whereas our results give an asymptotic rate
of decay O(1/¢ In #) for a bounded region in the plane. Thus it seems to be
the case that particles have a tendency to cluster outside any bounded

domain. A similar effect turned up in the work of Felsenstein [S] and Sawyer
[17].

2, Brownian motion in the plane.

DEFINITION 2.1. Define by induction E‘,(N (D) = E,(N,(1), and for k > 1

FfA)=F(@), A>O0and F(x) continuous at A,

Ea[(NA (t))k]

( )ffP(f s, a, b)E,,[(N (s))’]Eb[(NA () —1] db ds.

For the remainder of the chapter we shall assume D = the plane.

It turns out (Lemma 2.9) that the major contribution to E,(N,(?))" comes
from E,[(N,(?))"] and thus we shall proceed to first derive bounds for
E,(N,(0)". Thus

LemMMa 2.2. V& > 0,

K (m(4)) (7)”(n ™!
(m)*a-1t

.exp[ (a -t A% }(1 4k azc(k))

Xu>1n

E—a[(NA (’))k] >

2 In¢ tint
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where (a — c.)* = max, . 4(a — c)®, (4, k) = (64[(r(4))* U 1D*~, and c(k)
= 61,

Proor. By induction; for k = 1, by definition E_,,(NA ) = [p(t, a,b)db
which in the case of Brownian motion equals

—b A A
2:,, f eXP[ (e~ b ] m( )X(:>|)CXP[ (@ 2,0) ]

Fork =2,
E[Na )] = [ [ (5,0 E Ny (DB, (Na () b s

(M(A))
@27)? f12ﬂ(t—S)

(a—b 2(b - ¢))*
Sl -5 oo - 25 o] o

by the previous result. Completing a square we get

(a=b 26— b
f,,e"p 201 -s) 2s
(a-c) 26(t = 5) \'( 21—
T T2r—s }f,,e"p ‘(”' 2—s )(2s(t—s)) b
(for some ¢, € A4). Changing to polar co-ordinates we obtain
28(1 =) V( 20—
fp""p[‘(”” 2= )(2s(t—s)) @
2w poo .2 2t — s
>j; fo exp[ r(————zs(t_s))]rdrda
2n roo 2r(A)(1 = 5) [ 2t-s
-L fo 2t—s exp_5(s(t—s)) dr 49
27s(t — 5) 4vrr(A)(t —5) [ws(t =5
_[ 2t—s 2t —s 2t—s ]
Using the estimate,

(a—c) (a=c) (a—c)'s s\
°"p[' 2t —s }”c"p[' 2 ]( 22t - 3)

2 exp
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we thus obtain,

— A)) i - )
B[ 0] > Cn expl - £2 ]

. 1 2as(t —s) 4ar(A)(t - 3)3/2(,,_,)1/2 *
'l; 217(1 - S)s2 2t — s - ) (2t _ 8)3/2

(a=c)s *
'[' 2t(2t—s)] ds.

We can bound the integral from below by

+
t ¢ 2r(4) as(f — s : a-c)
[ ds - _
1 st —5s) 1 22t - ) 2t —s 2:(2: - s)

Clearly, I, » Int/2t, I, > —4r(A)Vx /t, and I, > —(a® + (r(4))/
Thus,

o2
E[0n, 0] > o] - “ 7 ]

WL [20-() + 8Var()] 50
—4—('2—7;)—- - Inz tIn¢ Xu>D

verifying the lemma for k = 2.
Now, assume the lemma correct for k < n, then

- ny _ (m(A))" (7" gl
E[(N,(0)"] > = E. (%)t (n = oyt

¢ (Ins)"2 (a — b)? 2(b - ¢))?
| 2m52(t — 5) [foex”[' 2t - s) ] °"p[" % ]
Q4,k) bk 1
.[1 " " Ins  shns ]

t

Qa,n-k be@n-k1
'[l— Ins T sns ]db]ds.
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Since by completing a square we obtain

+ — b)? 2(b - ¢;)}
jl;(l—bz) exp[—- (;t—.z ]-exp[———( 2SC)

(a =)’
g °"P[“ -

as + 2c)(t — 5) |\ 2% —
N e =
fo( ) °"p[ b =3 25(=s) ) | P
we must bound the integral
as +2c,(t = s) \ 21—
M"f,f"p["(”‘ 25 )(2s<r—s)) @
from below and
’ 2 .
(2 N _as+2c,,(t-—s) 2% —
M= [ b e"p[ (b 2—s =9 |?
from above. As we showed previously
>[ 2as(t —s)  Amr(A)(t—s) [m(f—s ]*
1 - .

]db

2t — s 2t —s 2t — s
By a shift we obtain

M <2f. b2cxp[—(b - 26;5’__:) )2( 23(’t“_ss) )] db

, zf (Zfa_s_)zs ' exp[ B (b _ 265?-—:) )( 2s2(tt—— ss) )} db

Since é, € A changing to polar co-ordinates we obtain

2 - - 27
My < 2f ﬂj‘Zr(A)(t 8/ s)r3 ardo+ 2[ o 3
o 0 J2r(4)(1—5)/Q2t~3)

2r(A)(t - 5) \? _
'CXp[-(r - r(zt)g_ 3 ) ) ( 23& _Ss) )} drdd = M,,, + M,,,
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and

= 1 1D’

Shifting we get
2 rof  2r(A)t—$) Y} 2 2 -
M2|2—2]; j(; (r+Ts—)exp——(s(t )) dr df

s(t = s) )2 N 80 r(4) \/ 1]°s(¢ - s)
2= @t - sy’

< 32 r(4) V 1](

Similarly,

+

2as)? | 2ms(t — s t—s)s
M, < ( )2 il )—4wr(A) ( )3 .
Qt-sP| 2-—s (2t —s)
Combining these estimates we have thus shown

[ y]» ZAO T e o
B[00 >t o] -

n=1| o (lns)""? (a-c)s 0,(4,n, k) \*
.kgl{'/; 27(t — 5)s? (1 T 2121 - 5) ) (1 - Ins )

2as(t — 5s)  dar(A)(t — 5)**(ns)'/? +
. 2t — s - (21 _ 3)3/2 ds

(ns5)""? ( (a-c)’s )+
f 1 27(t — 5)s° 2t(2t — s)

. Asw[r(A)v 1]%2(¢ - s)? . 807[ r(A) \/ 1]°s(t = s)°
@t - sy @t - sy

N 47a’s*(t — 5) ] ds]
@2t -s)

]2<L.+Lz>

L@@ Gy
T T a2 P
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where c¢(n, k) = c(k) + ¢(n — k) and Q,(4,n, k)= Q,(4, k) + Q(4,n —
k). We can bound L, from below by

¢ (Ins)""? ¢ (Ins)""*(a - c)? ¢ (In 5)"*Q, (4, n, k)
T e vl B e P B

0 20 % (4)s" 2 (In 5)" "3t — 5)'/?
—j; s2(2t — 5)*?
Since |c;| < r(4)and In s < 25s'/2for s > 1 we have
(ne'™" (&Y %22  (r(4)) (np"?

2An-1)y 22 2n-2) ¢
0,(4, n, k)(In t)"-2 4I'(A)\/; (In t)n-z
B (n—2) - n-—2 t .

We can bound L, from below by

_ (Ins)"™> | 8x[r(4)Vv l]‘sz(t -5y
C(n’ )f 2”(’ - S)S ‘ (2’ _ s)l

RLON 1Ps(¢ - 5)° P ) ]

@t - sy’ @ - sy
n-2 2 1 -2
> —c(n, ;()2 ’)2) (24 [r(a)\V1]* + 20a[r(4) v 1T’ +—(m)2), )

Thus adding everything together we get

= " (a=c)' ] (m(4))" () 'n!
Ea[(NA () ] > exP[' 2 : @ny# 2 Xau>1)

{ (ng"™" (g2

2n—1)t  2(n-2) [2Q' (4, n, k) + (r(4))" + 87'/%(4)

+c(n, k)(48[r(4) /11" + 80[ r(4) v 1]’)]

(In £)"2q?
2An - 1)2

Now, since c(n, k) = c(k) + c¢(n — k), c(k) =6*"" and n ~ 1< 6"2 for
n > 3, we get

+

[2¢(n, k) + n - 1]} .
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n=1 (In )" %a? c(n)a*(ln "'
i=1 2(n =12 2tInt

Lastly, since by definition Q,(4, n, k) = Q,(4, k) + @,(4, n — k) with
(4, k) = (32[r(4) V 1»*~! we obtain

,,21 { 20, (k) | 31[(r(A))2v1] . 128[(r(A))‘v1]c(n,k) }

n-2 n-—1 n—2

[2¢(n, k) + (n = 1)] <

k=1
< Q/(4,n)

which finally shows

2
B[00 0] > x| - C 5 |

(m(4))" (7)"'nt o)™ (  c(n)a® Ddn)\"
T ot e (l_ - )

tint Int

thus proving the lemma. _
Next we wish to obtain an upper bound on E,(N,(?))". Therefore,

LeEMMA 2.3.

a— P
E[0,'] < et 9erp] - S5 o

(a=c) 1 K(mA) # " (nn*!
+ X> e exp[ - 2t ] ’ 4k_l(277)k t

+exp

(a-cy ] R (4k)(In 1) }

2t t

Jor all t, k positive, and where (a — c,)* = min,,(a — ¢)%, (a — c))* =
min e 44 ,4(@ — ), R,(4, k) = 8 (@} kIG0(r(4))° V 1D+~ and

c(A, k) = {(2" = A (15[(r))* v 1), k>4,
L k=1

Proor. To simplify the computation we first prove the following lemma:

LEMMA 2.4. Under the same conditions as above,
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— 2
Lp(t—s, a, b)exp[— (b~ ) ]cﬂ)

s

— 2
&) < °"P[' 5 ]

s 4 8(r(4))’(t - 5) N V3 r(A)s\2(t - 5)/?
2t—s (2t - s)? @t — s)*?

and

2
j;p(t - s, a, b)exp[— (b-a) ]db

)
PRy
®) < exp[— (a Ztca) ]

. s 4 2(r(A))2(t - 5) N V2 r(4)s'2(t - 5)'/2
2t —s (2t - s)Z Q- 8)3/2 .

ProoF. We prove (1) as (2) follows by a similar proof.
As before,

b — )
Lp(t—s,a,b)exp[—( scb) ]db

1 @-8) [ Gb-g)
=200t - s) fpe""[" D) ] °"P[ ral
o2
g exp[_ @

28,(t = 5) 2 2% —
1 1 N P ) ( s ) b
W 27(t - ) fDexp[ (b 2t -5 25(1 - 5)
(a-c) 1
< exp| = 57 . =)
20 Lar(A)(t—s)/2t-5) 2 poo
‘ dr df +
[j; J; ’ fo j;r(A)(:-s)/(zt-s)

w9 g ) o]

since |¢;| < 2r(4) and é, € A. Shifting and integrating we see that
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(a - c)? s 8(r(A)) (t - s) 4V2 r(A)s'(t - 5)'/?
] -5 " (2t - s)? @t - 5)? ’

(1) < exp[ -

thus verifying Lemma 2.4.
Now, returning to the proof of Lemma 2.3 which we again prove by

induction. For k = 1,

E,(N.) = [ p(tab)db

1 (a - by’
= X¢t<e)® 2t LCXP[" 27 db

1 (a - by’
"‘X(m.’)j:4 TmexP[_T db

=J,+J,

We must show
(a-qy
)] €Xp| — 2 |’ Xu<e) 2 J1-

However, since p(t, a, b) > 0 for all ¢, a, b and [p(t, a, b) db = 1, and since
fora € A+ r(A),exp[—(a — )’ /21]* X(<e) > X<e) We must just verify (2)
fora & A + r(4). However then |a — c,| > r(4) which implies

(a-c )] (’(A)) p[ (a-c )]

exp[
Thus, since m(4) < 7r(r(A))2 (2) holds for all a. Observing that
m(A (a - ¢ )
< Xuso 5 2 p exP

we see that the lemma holds for k = 1.
_Now, assume the lemma correct for k < n then by the definition of
E,(N,(9))" and the induction hypothesis we have

E[v o] <% S ()

k=1

: fo " (4, K)e(4, n — K)

2
-[Lp(t—s,a,b)exp[—(chb)-]db]ds
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¢ KL (n = ) (m(A))" (3" (tns)™2

+ X(t>e)j; (2'”)'14,,_2 Sz
PR

’ [Lp(t - s,a,b)exp[— (b scb) ] db] ds
(1 s)n -3

+ X(,>e)f Qu(A k n— k)

52

o2
'[Lp(t—s, a, b)exp[— G st) }db]dg

’

where
(4, k,n — k) = Q(4, k)Q,(4, n — k)
ra,p TR (m(Ak))”‘ ()"
(2m)"~*4nk-2
k-1
+ Q,(4,n - k) K (m(Ai) k(_nz) .
(27)"4
Applying Lemma 2.4 gives

[ oY1 <53 ()

. {C(A, k)e(d, n = k)xu<e: exP[ - ;tc S ]

'ft s 8(’(A)) (t=9)  4V2r(A)s'(e - 5"
2t — s (2t - s) @t - s)a/z ds

a-c)

+ c(4,k)c(A,n = K)X(5e)" exp[

.fO‘

s BV e=s) | VI - ]

2t—s (2t — S) (2t _ s)3/2
, Ko = B ()" ()" (a - )
(27') 4,,..2 X(t>Xp} —
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VZ r(4)s'/2(t - 5)'/2 ] 4

368
. f’ (ns)" 2| . @r))¢ - s)
A s? 2t —s @t - s) @t - s)3/2
(a-c)
+Q,(4,k,n— k)x(,>,)exp[— 21 ]

. ft (ns)"| 8(r(A)) (t-5)

e T2 |- @t — s)?

\/_r(A)s‘/z(t - 5)'/2 &

@t - 5)*?

~ n-—1
=5 S (@® + L + L) + L®)

k=
For L, we use
- t—s'/2
[ a=m2- 1, f( ) #<2-va,
o (2t —3s) 2 o (2t —s)”
and
t
j(;Zt_Sds<2

(2 + 3(r(4))” + 10r(4))

)

2t

Thus,
L, < c(4, Ky (A, n - k)x<,<e>exp[
For L,, using 1/(2¢t — s) < 1/t and (¢ — s5)/(2¢t — s5) < 1 we obtain
(a - )

L, < (4, K)e(A n - k)x(m)exx)[
(—+8( (4)) + 3 r(A)\/— )

1

t
Using the obvious inequalities, In s/ Vs < \/E andIns/s < efors > eand
observing that
1 f‘ (Ins)"2 < (In 5)""! N (In 7)""?
. s(T—s/21) © S 2(n— 1)t 2

we obtain
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2 ] k! (n = k)! (m(4))" ()"~

(a—c,)
(27!)”4" -2

Ly < X¢>0° exP[- 2%

1, Ay VIr)
2 (=2 Ven-2) ||

(ne)"™'  (nn)"?
’ { e T

Lastly,
L4 < Qu(A, k, n-— k)X(t>e)

(a=c) [0 1] [ 8(r (A»
'°"p[’ 2 ] (n—2)t r(4) +

In order to evaluate the sum we need the followmg result:

LeEMMA 2.5. If
n—1
I(n) = -;- El(,':)z(k)l(n —k) forn>1,I(1)=1,100)=0

then I(n) = 2n — 3)!! forn > 1.
PROOF. Letting /(s) be the exponential generating function of /(n) we have

) 1(n)s" @ o I(k)s* I(n—k
fey=2 (ﬁs =s+y 2 2 (kzs (fzn— k)f s

n>0
=s+2 (7 ()"

Since /(0) = 0 we have /(s) =1 — V1 —2s. Expanding VI—2s in a
Taylor series and comparing coefficients completes the proof.

Thus,

'S (B)Li < @n = 3y~ (s ey va])

k=1
(a-c)’
* Xt<e)* €XP| — oY)

i
2

@

n=1
2 (k)10 <@ - 316" 50

(5) - .%(]5[(r(A))2Vl])"-l~exp[

Nl!a

a—c)
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. N2
% % ( )L3(k) < Xuseor exP[ (@ ztca) ]

(In 1" '(7)" ' (m(4)) n!
© Q)4

Inf)" "% n!(r(4 () - -
, (o’ ','(8”(.))() (n21+:_§2[(r(A))’V‘])f

forn > 2.
By the definition of 2,(4, k, n — k) we get

% g ( )L4(k) < X¢>e)® (n) exp[ @ C)

gyt~ 1]8[(r(A))2\/ 1]
2(n - 2)t

n—1

. kgl (l':)) (n— k)!k!8"(3o[(,(A))6v l])n—z
A )i (m(A))" (0] (r) v 1]) !

(27)" " *4r—k-1
However, since

= 2n ~ KR8 (30] (r()° v 1]) (mCa))y'™

= \k (297)""‘4"”"l
n—2 87(30)""!
< n[(r()° V1] 2 %329._

we get forn > 2,

~ n—1 (a - c’)2
n
% kgl(k)lq(k) < nlXuso- exP["' 2 - ]

n—1

¢ - (@) (30[ (r())° V1))

8(n—1) 1 (n5)"2-1
[ 60(n—2) © 58(n-2) ]( : )
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Now using 2n — 3)!'< 2"+ n!)/(2n — 1)Van for n > 2 and noticing that
the L,(k) contribution is cancelled off by the —1/¢ term from L, we get
using (3), (4), (5), (6), and (7) for n > 2,

B (N, (1) R B Gt
E[(N,(0)'] < xa<ol@n = (15[ (-(4)] V 1]) .exp[_ @-ar ]

+ Xi> e

(n7y"™" nt (i) (m(4))" (a-c)
T amye exp[' 2 ]

(In7)""?

"2
nmlon 6 n-1 (a-c¢)
+ Xu> o n! (7)""'8 (30[(’(A)) \Y 1]) exp[— — ]
A simple calculation shows the validity for n = 2 thus proving Lemma 2.3.
For purposes of calculation it will be convenient to have the following
weaker bound on E,[(N,(?))"]:

COROLLARY 2.6.
E;[(NA (t))"] < x(,<e)(2n - 3)!!(15[(r(A))2 V. 1])n_]exp[ (a - ) }
n—1 _
20 gt (0] )V 1])""exp[ = ]

Now to determine E,[(N,(#))"], we use Lemma 1.1, Definition 2.1 and set
E (N1 = E, [(NA(t))k] — E,[(N,(9)"] then:

Lemma 2.7.
E[(Na(0)] < E[(Na(1))']
..fp(t a, b)db + EJ (N, ()] + $ Ts - k!

= . . - J!.‘.j!
=2 U )™ ! !

: f Jop(t =0 DE[(Na@)"] - - - B[ (Na())"] ab s

(&1 58)*

where ¢ = 0, 1 with EQ = E, and E} = E,, where 3; )+ denotes summation
over all ways of partitioning k into | positive integers and 2, ., signifies
summation over all combinations of ¢,, ,g except that for | =2 the term
g, = & =l is left out.

REMARK 2.8.
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!
S 1= {2, 1#2,
(21, ,2)* 3, l= 2,

since ¢ = 0, 1 except for / = 2.

LemmMa 2.9.

n = n a - C )
E[(Na@)'] < [N, ()] + 1 (4 iy (e exp[ ]

(a— ca)

, (In £)*~2
+ Gy (4, ))l' ()X &) ) exXp| —

where 2., (I'(n)z"/nY) = f(2) is a solution of z =1+ 2f(z) — &/,
Ci(4, n) < (60[(r(4))* V 1R2C%"~!, Cx(4, n) < [120[(r(4))° V 1]- RCH""!
where C is chosen so that ii, < C’ (C > ).

PROOF. Again by induction; for n =1 the lemma is obvious since
E,(N,(9) = E,(N,(9). Forn =2,

E[(Na ()] = B[ ()] = [ (0. b) b

(a - )’ m(A)
< X(<e)€Xp| — 27 + X e) 2m XP| T

(a-c)
2t

(as in the case k = 1 of Lemma 2.3). Assume the lemma proven for k < n. By
Lemma 2.7 if we let

M, = fA p(t, a, b)db

and
R -
Mz—lgz 3 012“: At
( 2). f fP(t - s,a,b)Ep [(NA (S))h] Ezf'[(NA (s))jl] db ds
then E,[(N,(0)"] — E[(N,(1))'] = M, + M,.
Again,

(a-c) m(A4) (a-c)
M, < X(1<e)exP[_ TR + X e 2at €Xp| — 2% .

Using Corollary 2.6 and since (2k — 3)N(15[(r(4))* Vv 1)*~! <
I'(k)(60[(r(4)) V 1D+~ we get
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() - - - 0GR
FARRRN/L

nooq
M<Z 7 2

=2 " Guai)®
> ).{(w[vw»’v1])""@02)""
.fomej;p(t - s,a,b)exp[-— Q—-:L;’)z- ] db ds

‘ (ln s)n+j—21

+ (120 () v 1])""(2c2)""x<,>e> T

b—c;)?
{f p(t=sa, b)exp[— G-ar ]db]ds}
D S
wherej = 3/ _ ¢

As we showed in proving Lemma 2.3,

’

N2
[ [ pe-sa, b)exp[-— G-ar } db ds
0 D S

- 2 2
< xucor | - 57 [ v 1]

— ey 1 #[(r)’ V1
-l [y vi],

Now, since 2/ — j > 3 (since / > 2 and for / = 2, j < 2) by Lemma 2.4 we
obtain,

¢ (Ins)"/=% (b= )
x(,>,)j; —-—s—,—-—-— _/;p(t -5, a, b)exp[—- —Tf’— ] db| ds

[(ng)=2~1]
< X(:>e)Tz)t—'

4Vv3 8
L+ T rA) + 5 (r(A))z]

(a =)
* €Xp I PR forn > 2.

Remembering Remark 2.8 and since 74, < C’, if we add M, and M, we obtain
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E[(N,(9)"] = E[(Na ()]

< 2n—l(c2)"_l i IL' 2 n!l,(:il) ttt 1,(.]1)
=2 °° SNz

G- )™ NI
2
.{X(l<e)° (60[(r(A))2 V 1])"-1 ) exp[- _(_a_zf_a)_ ]

n-2 -1
(]_nftz—X(De)' (120[(r(A))6 V l])” : CXP[ YR

In order to evaluate the sum we let

rm=3% & 3

=2

ntl'(jy) - - - U'(iy)
FARRRSY

and wish to show that if f(z) = =, ,4(/'(n)/n!) z", the exponential generating
function for /’(n), then z = 1 + 2f(z) — /.

Therefore, we let w = X, 5 o(I'(n)z" /n') with I’(0) = 0, /(1) = 1 be defined
as a formal power series in z. Comparing coefficients yields z = w —
w2/21—w3/31— ... =1+ 2w — e". However, since g(w) = 1 + 2w — e"
is holomorphic in the unit disc, g(0) =0, g’(0) = 1, by Bloch’s theorem
Z,50(l'(n)z"/n') < oo where |z| < p for some p > 0. Using the complex-
inversion formula,

o _ 1 e
nl 27in Jo (1 + 2z — €%)"
where C is some closed contour containing the singularity at the origin and

no other singularity. Therefore /'(n) < n!(c,)" for all n completing the proof.
Combining Lemmas 2.2, 2.3, 2.7 and 2.9 we have thus shown,

COROLLARY 2.10.

E[(NA (t))n] _n (A)""(m(4)) (Inn)"" +0( ¢! (ln £)""2 )

4"-'(2m)" t t
JSor all positive n, for t > e, a constant ¢ and where the implicit constant in the
second term is uniform in n and t.

In order to obtain the actual limiting distribution we prove

THEOREM 2.11. For all A > 0,

fim SR =
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where Ff(\) = P(8aN,(¢)/m(4)fiilnt > X).
ProoFr. By the previous corollary,
‘o E(—(87N,()-s)/m(A)ilnr)"
) n!

n=0

=1+-4 §(—s)"+o[ ! §(—c's)"]

Aitlnt n=1 t(lnt)z n=1
for |s| < p, < 1/¢’ where |s] < 1. Letting F,(x) = 1 — F{(x) we get

[Femary=1-—4—. 2 +o| b)),
() ! fitlnt 1+s t(ng? (1-¢|s

Is|< o < 1/¢,

or
© ftInt _gre 1 ( 1
—— e %F dx= +0 ’
‘/(; 4 t (x) l + s ln 1(] _ C’ISI) 1) |S|< p] < l/c
Thus,
. © < thnt-A .. _ 1 ’
‘1_13?0 A e —— Ff(x)dx= T3’ Is|< o < 1/¢.

Now, for all 7 and for all s in the right half-plane,

will be bounded and analytic, thereby forming a normal sequence which
implies by Vitali’s Theorem (cf. Hille [7, Theorem 15.3.1])

®© tlnt-n " u.c.c. 1 _(*® —sx. —x
foe ERLR Fr(x)dstS _1+s‘fo" e~ *dx

for all s in the right half-plane which, therefore, implies (cf. Breiman [2, p.
183)

"“+’7 Ff(x) dxSe*dx forall x.

Thus, letting ¢,(x) = (7i In ¢/4) F{(x) we have
a+h a+h
[T e [ emax= e (1 - e7h)
a a
but, now, since ¢,(x) is monotone decreasing, we obtain

ef(l-e™ . . e’(e" = 1)
———— <liminf¢,(a) <lim sup¢,(a) <
h t—0 1—>00 h
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for positive a and h. Since h can be made arbitrarily small we get lim,_, ¢,(a)
= e~ “ completing the proof.

It is to be noted that we actually have not been able to prove this result for
A = 0 which would have shown conclusively that ¢ In # is the proper normali-
zation for branching Brownian motion in the plane. Remark 4.4 in fact shows
our results can not be used to prove the theorem when A = 0. However, our
results do indicate a kind of clustering behavior which is significant.

3. Diffusion on the line. In this chapter we shall consider branching
Brownian motion where the state space is now the line. Our basic method of
approach is the same as the previous case where the state space was the plane,
i.e., first derive an upper estimate for the nth moment of the random variable
N, (#). However, in order to actually obtain the limiting distribution we must
use a different method than that of the previous chapter. Thus, D =
(— o0, 00) throughout this chapter and defining E,[(N,(?))"] as in Definition
2.1 we shall first get an upper bound for E,[(N,(#))"). Thus

LeMMA 3.1.

nt (m(A)" ()"
@m)"? ‘

n—1 _ 2
-[1+ (12r(4) + 1) ]exp[_ (@-c) }

1/2
(I+|) 2t

E[(N,)] <

for n > 1, where (a — ¢,)* = min, 4(a — b)?, and t*" denotes t \/ 1.
ProOF. Since we are considering one dimension the density

1 _(a-by
L e

p(t,a,b)=

Thus, forn =1,

E(N)=[ 0 b)ab <

verifying the lemma for n = 1.
For n = 2, by definition,

EJ W] =af [ [ [ pt =50 6)p(s, b x)p(s, b,y) db ds dx dy

m4) [ (@-cf
m”‘p[ 2 ]

=7 ! 1
Ll e
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! @-881 [ (G=xF
T [f,,e"p[ B TTED) } ' °"p[ 2s

(-
- ‘db]ds'dxay

- exp

oy s
R e R

o

(a = (x +2)/2)°
. exp[ - 35— ds dx dy
by completing a square. By the definition of c,,

- 2
‘i ¢ (x=»)
2w S var-s | &

 (a-(x -I-.y)2/2)

. exp| — TR ] ds dx dy

i [ (a=g) ¢ 1
=L exp[ — ]LL[Q ————m ds dx dy

ii(m(4))’ (a-c)
T ]2

2t

verifying the lemma for n = 2.
Now, assume the lemma for k£ < n, then by Definition 2.1 and the
induction hypothesis,

n! ()"~ (m(4))"

Ea[ (NA (t))n] <

@2m)"*-2
nol o gn2-2 R(k) R(n—k)
. 1 1

Y EPRY
{f:o eXp[— -————g‘zt _bs)) ]'exp[— ¢ scb) ]db}ds

where R (k) = [12(r(4))* + 5]*~'. Completing a square and changing to
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polar coordinates implies
o (a - by (b= ¢)
f_w exp[ 20— 3) ] exp[— p Jdb

<2-exp| - (a-c) er(A)(l-—s)/(Zl—s) b+ foo
2t 0 2

r(A)1=5)/Qt-s)

ol -(o- B2 =)o

(a— ) 4r(A)(t-s) as(f—s
=exp[ ] 2t—s +V 2t—s }

Thus

E[(N. )] <2c(n)f ‘/2_?/:__27( R (k) )

R(n—k) \[2r(4A)(t—5) /27rslt-s$
.(l+ G+ )( -5 T2 2t -5 )dg

n! (A)""'(m(4))" exo| — (a-c)
(2.,,)"/2 P 2t

where

c(n) =
Since n > 3 we get

n! (7)"(m(4))"
(2m)"?

.[exp[ (a-c )” e .[ O ]
)

completing the proof.
REMARK 3.2. By the same method we can replace the n! by /(n) where

Fi(1/2; (n +1)/2, 2) "2‘:' (I':)I(k)l(n —k), 1(0)=0, I(1)=1

n—1 k=1

E[(N,(9)'] <

I(n) =

atz = —1, where | F; is the confluent hypergeometric series, since
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t (n-3)/2 n/2-1 1 n+1
[ gs= 2 : ,1:,(5;—-—2 ,—1).
0 V2t—s n-=

In order to derive an asymptotic estimate for E,[(N,(£))"] we wish to find
its density. Therefore
DEFINITION 3.3. Let

A
Qn(a’ t,xl,x2,...,x”) = _2— 2
oEm,

t
.J; j;p(t = 58,6)0 (8,8, %, -+« 5 %) Qi (b8, X, 5 - -+ 5 %, ) db s,

forn > 2, and Q\(a, t, k) = p(t, a, k) where =, is the permutation group on n
letters (and where g; is the image of i under the permutation o).

LemMA 3.4.
E[(a@)]=f [ Q@b ..ox)de - d,

For n = 1, it is clear since E,[(N,(£)] = | 4 P(t, a, b) db.
Assume the lemma for k < n, then using Definition 2.1

B[] =5 S (3) [ fre-san)

.Lka(b,S,xl, ey X)dx, -+ - dx

‘L” an-—k(b’ Sy Xpqts v oo X )Xpyy * + ¢+ dX,

f% ) 2 k' (n—k)' f’

6Em, k=1

.fp(t = 5,8,b0)0 (5,5 Xy -+ -5 X5,)

D

.Qn—k(b, s, xok-'-l’ e ooy xd.) db ds‘ dxa, P dxon
=L”Qn(a’ t, Xps oo ’x")dxl “ o dx".

LEMMA 3.5.

Q,,(a,t,x,,...,x,,)=Qn(T7_;- %).t"/z-l’

<)

PrOOF. Forn = 1,
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2

—(a/Vt —x/Vt

Ql(a ala x)= 1 €Xp (/ )
Vit Vi V2x 2

For n > 1, by a change of variables and Definition 3.3,

~ n-1
_i 1.1 3
Qn(a’t’xl”"’x")_z 2 2 k! (n—k)!t

0Em, k=1

=V p(t, a, x).

1
’j; LP(’ - st, a, b\/?)Qk(b\/? 2 Sty Xgs s x,‘)
'Qn—k (b\/; > St, xak, coey x,.) db ds.
Assuming the lemma for k < n implies likewise that
Xy
a,st, Xy, ooy X)) = —“-,s,_,.”’_),k/z-n‘
O ( 1 ) Qk( Vi Vi Vi
Since p(t — st,a, bVt) = p(1 — s,a/Vt, b)- t~'/2 the lemma follows.

Xy

LeMMA 3.6. Q,(a, t, X} ..., X,) < ¢, for 0< t < landn > 1.

Proor. Forn = 2,
0,(a, t, x, x;)

- t
-—-anj;Lp(t-s,a,b)p(s,b,x)p(s,b,y)dbdsdxdy<c<cz.

as in Lemma 3.1. Assume the lemma for k < n, then, since

~ n—1
1
Qn(a,t,x],...,xn)=—'2'- 2 2 .I_c_!.

oEm, k=1

(n _3 o1 j(;'jl‘)p(t —5,8,0)0, (5,5, X5+ -+ 5 X,)

Qo (b8, Xy, 5+« -5 X, ) db ds

.

if kK #¥ 1, n — 1 the lemma follows. In the case k = 1 or n — 1 the integral is
bounded by

t
cn—l./(; j;p(t - s, a, b)P(s, b, x,)&df( Cp—1-

LEMMA 3.7.Vn, Q,(a, 1, X, . . ., X,) € C(R™).

ProOF. The lemma follows from the previous lemma and an induction.
We have, therefore, shown
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THEOREM 3.8.

E[M@)]=[ Q@ tixy... x)dx, - - - d,
xn
Q"( b
~ 1271 (m(4))"1 (n)
(for all n as t — o) where I(n) = Q,(0, 1,0,...,0).

REMARK 3.9. By methods similar to those used in proving Lemma 3.1 one
can show that there exists a universal constant a satisfying /(n) > a" > 0.

LemMAa 3.10.
E[(N,()] < E[(Na(1))']

- tn/2 1

)dx.--~dx,.

<E[(N,()'] + a(m)[m(a) v 1]"

_ (a-c¢ )
ol 3)/2exp[ 2 *Xa>n t Xa<n

where q(n) is O(c"~'- n!) for some ¢ > 0.

Proor. The method is the same as that used in proving Lemma 2.9. Use
Lemma 2.7 and the following estimate which follows from Lemma 3.1:

_ n n—1 n! ot
Ea[(NA ) ] (m ((2)))(5 1))/2 (12r(4) + 6)" X<

m(A n=1 _

O ] €
forn > 0.

Now, if we set

= N, (2)
‘A)=P| ———>A
o (mmw >3)
since we have shown that
E V27 N, (t)
- m(A)n\/_

n=0
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it [Pe*F¢ (x)dx will be bounded and analytic, thereby forming a normal
sequence for s in the right half plane. However, we have shown in Theorem
3.8 that all its derivatives converge at s = 0 which, therefore, shows that
t{e™*Ff (x) dx will converge weakly for s in the right half-plane. Thus,
using the same arguments as in Theorem 2.11 we have shown,

THEOREM 3.11. lim,_, tFE(A) = F(A) on {A: F()) is continuous} where F(\)
is a decreasing function on (0, o) satisfying

L7 CF@) =1
Jorn> 1.

REMARK 3.12. In order to determine a distribution we have calculated some
of the lower order moments and have found

A
v ) = 22 +o( L),

E[(N,(1)"] = 5('"‘5—”)) +o( %)

E[(N,(0)'] = (£ +V3 = 1)@ (m(4))"1/2 + 0(1).
From this it follows that

o0 o0
—["AMFQ) =1, —[ NdF)=TZ,
AR J waE® =3

_f()“;edp()\) = (277)3/2[ T +V3 - 1].

Thus F()) is not an exponential, Mittag-Lefler or gamma distribution. It is
also interesting to note that the rate of decay appears to be at a rate of 1/¢
which is similar to the stationary branching process, unlike the case for
diffusion in the plane.

4. An initial random field. In this chapter we shall consider a branching
random field. The individual particles will still move about like Brownian
motion. However, rather than assume a single initial particle we will assume
that originally a discrete but random number of particles are introduced and
that given the initial state, the particles then proceed to move and branch
independently of each other. Since we start with more than one particle rather
than use moment generating functions we use cumulant generating functions
and it turns out that due to the initial state we get a different rate of decay
than for the case of a single initial particle.

To fix the process, we associate with the process the Borel measure
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p(4) = E(N,(0)) corresponding with the random variable N, (0). Using step
function approximations one obtains E(N,(?)) = [pE,(N,(?) du(a). In the
special case where one assumes that for disjoint sets 4, . . ., 4, the random
variables {N, (0), N,,(0), ..., N, (0)} are mutually independent, initially no
two particles are located at the same point, and p(A4) is continuous then (cf.
Karlin [9, p. 338]) each N, (0) has a Poisson distribution. However in our case
we do not require an initial Poisson field; we only require a field where p(4)
is Lebesgue measure.

Denote by X;(#) the random variable which gives the number of particles in
A at time ¢ which are descendants of an initial particle at state £ for
i=1...,m and X(¢) the number in 4 for the given initial position
§=(¢,...,¢,) Then by independence, E(eX) = E(e*))- - - - - E(e**n)
or log f(s) = =7, log f; (s) where f, (x) = E(e*®) and f(s) = E(e*¥).

In our case, if £ = (§;, &5, ..., ...) denotes the initial state of the system,
which is in general infinite, then

= £ [ g L()Na @] = [ los 1, () ()
since in general E[Z{2, f(§)] = [pf(a) p(da) when [, |f(a)| p(da) < oo and
fllog E,e™| da =f|log[l + E (e —1)]| da

<[E(e™M® —1)da < o

by Lemmas 3.1,3.10fors > 0, ¢ > 4.

In general, if f(s) = E(e*¥) for a random variable X for which f(+¢) < o0
for some &€ > 0 then f(s) = Z¥.(a,s"/n!) where a, = E(X") is the nth
moment and log f(s) = 2,5,(x,s"/n') where x, is the nth cumulant of X.
The relation between ¥, and a,, is given by (cf. Lukacs [10, p. 34])

(k= 1)ntay- - - - - oy

i! (kl! )il tt is! (k:' )i’

Xn=2 (-1

where the summation is over all partitions of n where i; + + - - + i, = k and
ilkl + izkz + isks =n. ThUS,

THEOREM 4.1. In case we start out with a random field of particles diffusing
independently in D, the plane, then
fim A-logt
t— SW

G =e™ YA>0
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where

N, (1) 87 }\).

Giy =" ( 7im(A)log t

Proor. By Corollary 2.10,
o(a) = E((N,(9)"|X, = a)

n! (log )"~ '(m(4))" (71)"™" (a—c)
- Q@n)ya ' °"p[ Y ]

+ 0( (log nH"- 2)exp[ (a ; tc ) ]

Therefore, if we have a product ;(a) - a;(a) we will get a ¢? in the denomina-
tor. Also it is clear (cf. Gnedenko and Kolmogorov [6, p. 65]) that the sum of
the coefficients of all terms in x,(a) besides a,(a) is < 3" where x,(a) is the
corresponding nth cumulant. Thus,

n! (log £)"~'(m(4))" (7)""" (a-c)
(2 )"4"']t CXp[_ ___

0(02 n'(ltogt) '2) [ (a—c)]

However, the nth cumulant of N, (¢) given an initial random field is given by
X» = [pXx(a) da. Hence,

X:(a) =

Xa S s”
SN0} = 2
log E() = 3 Ter= § 8 [0 da
8r & (iim(A)-Iog ts )" ( )
= = + 0 cslogt
ii log ¢ ,zl 87 (log ) ,El( g?)

Thus,

JS__ = 875 cs
logE(exP[ i (A)Iog 7 A()) Aoz 1(1 =) +0((l—s)(logt)2 )

Therefore,

8zs - [ 87s
f( ﬁm(A)logt) exP_ﬁlogt(l-S) (log 1)* (I—s)]

8ns 1
T Flogt(1-3) +0( (log 1)? )
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Now, proceeding as in the proof of Theorem 2.8, we obtain the theorem.
In case we start with an initial random field diffusing independently in
D = (— o0, 0) we obtain,

THEOREM 4.2.
eViti =
‘l_)lg \/_ G:MN)=FQ)
on {\: F(\) is continuous) for some distribution F(\) and where
- N,()-V2z }
Gf(\) = P| —————— > A| for some constant c.
m(A)iVt

REMARK 4.3. As before we calculated and found for this case

E(N, (1) = m(4) + o(—‘—),

Vi
i (m(A4))1'/2
E[(N,(1))] = —(—(—,)lf-— +0(1),
E[(V, (0)'] = —u- +0(Vi),

[N (0)] =33 P i)
.{__tan_,(\,-)“w 4VZ _ 16

-1 ln( ﬁ ; : ) + (% + 3\;_2- )sin"(l;?'—)} + 0(1),
and thus once again have obtained some exotic distribution where F()) is not
the same as the distribution F(\) obtained in the case of a single initial
particle.

REMARK 4.4. Lastly we show that the limit theorems we have obtained
(2.11, 3.11, 4.1, 4.2) cannot be shown for A = 0 given just the bounds on the
moments which we have obtained. We give a counterexample for Theorem

2.11 in case A = 0, Consider X, = Clog ¢ on a set of probability 1/¢ log ¢
and X, = Ce™' on a set of positive probability, then

X, c X,
— — 1.
P(logt>£) tlog P(logt>0)
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Appendix 1. In this appendix we furnish a proof of Lemma 1.1:
LemMma 1.1.

E[(N.(1)"] = fA m(t, a, b) db

o k! '
+ 2 " 2 AR ] fo Lm(t—s,a,b)

"B (Na()"] - - - B[ (Na(s))"] @b ds.

PROOF. Let u(a, 1) = E,[exp(—v, f,(x) — * - + — vfi(x,)] where f, >0
and f; € By(D). The branching property is ¥ (a, f) = II.,%(a;, ). Now, by
the strong Markov property, since E(E(X|A4)|B) = E(X|B) for BC A, B
and A o-algebras,

u(a, 1) = E,(exp[ =01 fy (x) =+ - -+ = 0ue(x)] x06>0)

+Ea(X(B<1)' § j;n ‘ﬁ E(exP[-vlfl(x:)

n=0 =1
—_— e - okj;(x')]lxp = 'a,.)ﬂ,,(xﬂ, ‘b’))

where the first term represents no branch by time 7 and the 2nd a branch into
n particles at time 8 located aty = (a,, . .., a,).

Differentiating with respect to v,, ..., v, and letting v;,..., v, >0 we
obtain:

Bl(k)(a’fl’ ces k) = Ea(fl (%) - j;((xl) . X(B>t))

+E,| Xg<n® 2 f { EEq(f,(x,)- ) 'f;(xx))
n=0 D"\ jm]
s1 3 K
+ —
rm2 ! () bl bl
2@=h@>l
J=1
.2 2 Ea'l (f;" f“"n)
i#* #i,
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since we are uninterested in order where the term f, - - - - - Jf,, represents
some average of permutations of f,- - - f,. Now since lifetimes are
exponentially distributed we obtain:

B®(@,fy . fi) = T2 (fo - - - )(@)

t v (k) !
ottt e
o r.

r=2

k! n
(h 2 k) mn’(x" B'(ﬁl‘)(y"f’" ) "’f""')’
ook

Zh=khy > 1
e s BBy Sy - - - ’fk,))] ds

where T is the expectation operator of the unbranched process (which in the
case of Brownian motion is e ™" times the Brownian semigroup),

@)=V 3 fD . g f()mi(a, dy)

n=0
and
iatof)=V S [ ST SHO LOm@ d).
n=0 YD"j % i #i,

Next, we take Laplace transforms and obtain
o0
I,\(a,f,,...,fk)=j; eMB®(a, £, ..., f,) dt

= +RY - - fi(a) + R + RY(q)

where Ry is the Laplace transform of T, and g, is the Laplace transform in ¢
of

k
1 k! -
2 2 ARl nr(xs’ Bt(ﬁls)(yl’f;«.’ e ’f;,“) seees

r=2 " (Biseenrhy)
Shi=kh > 1
B (9 fuy v v £))-
Now, by Hille-Yosida, since 4° = 4 — VI (cf. [16]), we obtain
(M =ADL(afi - f)=—h - f(@) = (@ fo--- k)
where M = A + V(m — I) as before. By [17, Appendix 1] QA)(M — AI) =

— I where Q (M) is the Laplace transform of [,m(t, a, b) f(b) db and since we
are in the critical case,

M h@fo- s f)= QWA fi(@+ QM@ frs - -5 ).
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Inverting (1) we get on the left side B®)(a, f,, ..., f), the first term on the
right side is [p,m(¢, a, b)f, * - - f,(b) db (cf. [16, Theorem 2.1]) and 2nd term
on the right is

Lj:m(t—s,a,b)
k

K Mgy
' = [ B*(y1fup -+ s h)
r=2 (Biseeshy) h'---h! r! [ ( g iy

Sh=4kh>1
J=1
...B(h,)(y’,j(),...,f,,')]dnﬂ).

In the special case we are interested in f; = - - - = f, = x,. We thus obtain:
k
E[(V, )] = [ p(t a0 b) b

k k!
+2 _ 2 —tr
fma T R hit-- bl
Sh=k
Jj=1

’ h' * o o h’
[ [p = 5 a B[N )] - E[(Na(o)*] ds b
where 7i, reduced to V2% n(n — 1) - - (n — r + 1)p, and we let 7, = A.
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